Abstract. Let G be a connected reductive complex algebraic group with a maximal torus T . We denote by Λ the cocharacter lattice of (T, G). Let Λ + ⊂ Λ be the submonoid of dominant coweights.
1. Introduction 1.1. Generalized transversal slices. G is a connected reductive complex algebraic group with a maximal torus T ⊂ G. In [BFN16a] , the authors constructed a generalized transversal slice W λ µ , which depends on a pair of cocharacters λ, µ of T , such that λ is dominant and µ λ. Let Gr G be the affine Grassmannian of G. Any cocharacter µ of the torus T gives rise to a point of Gr G to be denoted z µ . We set O := C , where Gr λ G := G(O) · z λ ⊂ Gr G and Z −w 0 (λ−µ) is the space of based quasi-maps of degree −w 0 (λ − µ) from P 1 to B.
Main result.
A dominant cocharacter λ is called minuscule if any µ such that V λ µ = {0} lies in the W -orbit of λ, where W is the Weyl group of (T, G). In this paper, we prove that the variety W λ µ for minuscule λ and µ ∈ W λ is isomorphic to the affine space A 2ρ ∨ , λ−µ . In type A, this was proven by Nakajima using the interpretation of W λ µ in terms of bow varieties introduced in [NT17] . Our proof works for any reductive group G. Let us point out that it follows from our theorem that the variety W λ µ is smooth for a minuscule λ ∈ Λ + and µ ∈ W λ. Note also that for a minuscule λ we have W [MW] that the variety W λ µ is smooth for arbitrary λ ∈ Λ + , µ λ.
The main idea of our proof is to realize W λ µ as a fibration over A ρ ∨ , λ−µ with fibers isomorphic to A ρ ∨ , λ−µ . To do so, we consider the loop rotation action of C × on W λ µ and prove that it contracts the whole slice W 1.3. Structure of the paper. The paper is organized as follows. In Section 2, we give the definitions of the main geometric objects of our study (affine Grassmannian, zastava spaces, generalized transversal slices) and formulate their basic properties. We also discuss minuscule coweights and formulate our main Theorem 2.9. In Section 3, we describe the action of B − × C × on our varieties. In Section 4, we recall a "matrix" description of W λ µ from [BFN16a, Section 2(xi)] and describe the action of B − × C × W λ µ in these terms. In Section 5, we describe C × -fixed points of the varieties of our study and introduce attractors and repellents with respect to various C × -actions. In Section 6, we prove our theorem. In Section 7, we restrict ourselves to the simply-laced case and compute the natural Poisson structure on W λ µ in certain coordinates.
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Definitions and Basic Properties
We fix a triple G ⊃ B ⊃ T , consisting of a connected reductive algebraic group over C, a Borel subgroup B and a maximal torus T ; g ⊃ b ⊃ t are their Lie algebras. We denote by B − ⊃ T the opposite Borel subgroup of G. We denote by Λ the coweight lattice of (T, G) and by Λ + ⊂ Λ the submonoid of dominant coweights. We denote by ∆ ∨ (resp. ∆) the set of roots (resp. coroots) of (T, G) and by ∆ ∨ + (resp. ∆ + ) the set of positive roots (resp. coroots) with respect to the Borel subgroup B ⊂ G.
Definition 2.1 (Affine Grassmannian) Let Gr G be the moduli space of G-bundles P over P 1 with a trivialization σ outside 0.
The space Gr G can be defined as follows:
. Any cocharacter λ ∈ Λ gives rise to an element of Gr G to be denoted by z λ . The group G(O) acts on Gr G via left multiplication. For λ ∈ Λ + , denote by Gr λ G the G(O)-orbit of z λ . We have the following decompositions:
It is known that for any λ ∈ Λ + Gr λ is a projective algebraic variety of dimension 2ρ ∨ , λ . It follows that Gr G = lim
Gr λ is an ind-projective scheme. Let us denote by I the set of simple coroots of G. Let us denote by Λ pos ⊂ Λ the submonoid of Λ, spanned by the simple coroots α i , i ∈ I. We fix α ∈ Λ pos . Definition 2.2 (Quasi-maps to flag varieties) Let Λ ∨+ be the monoid of dominant weights of (T, B, G), then QMaps
Remark 2.3
It is known that QMaps α (P 1 , B) is a projective algebraic variety of dimension 2ρ ∨ , α + dim B. We can think about this space as about the moduli space of quasimaps φ of degree α from P 1 to the flag variety B = G/B. 
Remark 2.5
In other words, Z α is a moduli space of degree α generalized B-structures in the trivial G-bundle over P 1 , which are equal to B − at infinity. This is an algebraic variety of dimension 2ρ ∨ , α . Definition 2.6 (Generalized transversal slice) Let λ be a dominant coweight, let µ λ be any coweight. Following [BFN16a] , we define the generalized transversal slice in the affine Grassmannian W λ µ . It is the moduli space of the data (P, σ, φ), where (a) P is a G-bundle on P 1 ; (b) σ : P triv | P 1 \{0} ∼ −→ P| P 1 \{0} -a trivialization, having a pole of degree λ. This means that the point (P, σ) ∈ Gr G lies in Gr λ G ; (c) φ is a B-structure on P of degree w 0 (µ), having no defect at ∞ and having fiber B − at ∞ (with respect to σ). • X → A (α) is dominant. It contradicts to the fact that
Definition 2.8 (Minuscule coweights)
A coweight λ ∈ Λ + is called minuscule if for any coweight µ ∈ Λ, such that V λ µ = {0} we have µ ∈ W λ. Here V λ is the irreducible representation of the Langlands dual group G ∨ with the highest weight λ and W is the Weyl group of G ∨ .
It follows from [Bou75, VIII, §7, no. 3] that for a minuscule coweight λ ∈ Λ + its pairing with any positive root α ∨ ∈ ∆ ∨ + is less than or equal to 1. It is clear from (2.1) that for a minuscule λ ∈ Λ + we have Gr λ G = Gr λ G . The main result of this text is the following theorem.
Theorem 2.9
For a minuscule λ ∈ Λ + and µ ∈ W λ, we have W It is clear from the definitions that these actions commute and the embedding ı :
Actions
The following proposition is wellknown.
Proposition 3.12
For λ ∈ Λ + , we have an identification (Gr λ G ) C × ≃ G/P λ , where P λ is the parabolic subgroup of G, such that the Lie algebra of P λ is generated by the root spaces g α such that α, λ 0.
Remark 3.13
Note that the group P λ contains B − .
Matrix description
For a complex algebraic group H, we set
In [BFN16a, Section 2(xi)], the following isomorphism was constructed:
where the right hand side is considered as a locally closed subvariety in the ind-scheme
Lemma 4.14 (a) The C × -action on W λ µ via loop rotation comes from the following action
Proof. To prove (a), let us recall the construction of the isomorphism Ψ of [BFN16a, Section 2(xi)]. Take a point (P, σ, φ) ∈ W λ µ . Let P B be the B-bundle of degree w 0 (µ) that corresponds to φ. We denote by P B − the corresponding B − -bundle of degree µ. Fix a trivialization σ B − : (P triv −1 ) ). Due to the condition on φ at ∞ and the fact that the degree of P B − equals to µ we obtain an element of
Let us also describe the inverse morphism Ψ −1 . We take
, it defines a transition function for a G-bundle P together with trivializations σ 0 :
is a rational function which corresponds to the composition σ −1 0 • σ ∞ ). Let φ − be the image of the standard B − -structure in P triv under the morphism σ ∞ . Let φ be the corresponding B-structure. Then Ψ −1 (g) = (P, σ 0 , φ). Now let us prove (a). Fix an element t −1 ∈ C × , (P, σ, φ) ∈ W λ µ and set g := Ψ(P, σ, φ), we also denote by φ − the B − -structure which corresponds to φ. Our goal is to compute t −1 · g := Ψ(t −1 · (P, σ, φ)). Note that t −1 · (P, σ, φ) = (t * P, t * σ, t * φ) where t * P, t * φ are the pullbacks of P, φ, and t * σ : (t * P triv )| P 1 \{0} ∼ −→ (t * P)| P 1 \{0} is the corresponding trivialization. Recall also that the point g ∈ G[z ±1 ] gives us the trivialization σ ∞ : (P triv )| A 1 ∼ −→ (P)| A 1 . We denote by t * σ ∞ the corresponding pullback. Consider now the automorphism t µ : P triv ∼ −→ P triv . Note that the point
. It remains to show that Ψ −1 (g(t −1 z)t µ ) = (t * P, t * σ, t * φ). Recall that the B − -structure φ − is the image of the standard B − structure in P triv under the morphism σ ∞ . Let us denote this standard B − -structure by φ stand − . It follows that t * φ − is the image of t * φ stand − = φ stand − under t * σ ∞ . The automorphism t µ preserves φ stand so t * φ − is the image of φ stand − under t * σ ∞ • t µ . It now directly follows from the definitions that Ψ −1 (g(t −1 z)t µ ) = (t * P, t * σ, t * φ).
Part (b) can be proved analogously.
Torus fixed points
Proposition 5.15
The set of T -fixed points (W λ µ ) T consists of one element if µ is a weight of V λ (the irreducible representation of the Langlands dual group G ∨ with the highest weight λ) and is empty otherwise. We denote the corresponding fixed point by z µ .
Proof. Follows from [Kry18, Lemma 2.8].
From now on we assume that µ is a weight of V λ .
Proposition 5.16
Proof. Recall that there is a C × -equivariant locally closed embedding Z α ֒→ Qmaps α (P 1 , B) of zastava space to the projective variety parametrizing quasi-maps of degree α from P 1 to the flag variety B. It follows that any point x ∈ Z α has a limit in Qmaps α (P 1 , B). Let us denote this limit by x 0 ∈ Qmaps α (P 1 , B). It follows that the generalized B-structure x 0 equals to B − at ∞. On the other hand, all C × -fixed points in Qmaps α (P 1 , B) are "constant maps" and are uniquely determined by their value at ∞, so the only available limit for points of Z α is its fixed point.
Proposition 5.17
For a minuscule λ ∈ Λ + , we have Gr λ G = Gr
Proof. The first equality follows from (2.1). The variety Gr λ G is smooth, hence, irreducible, (Gr λ G ) C × is a closed subvariety of Gr λ G , so, to prove the second equality, it is enough to check that dim Gr
where Stab G (z λ ) is the stabilizer of z λ in G. Since
and by [Bou75, VIII, §7, no. 3], we obtain the desired equality.
Corollary 5.18 (see, for example, [Zhu17, Lemma 2.1.13.]) For a minuscule λ ∈ Λ + , we have Gr λ G ≃ G/P λ . Proof. Follows from Propositions 3.12 and 5.17.
Definition 5.19 (Repellents and Attractors)
The repellent (resp. attractor) to the (unique) T -fixed point z µ ∈ W λ µ is defined as
The attractor with respect to the loop rotation action C × W λ µ is defined as 
Proof. Fix a point
x ∈ (W λ µ ) C × . Let us prove that x ∈ R λ µ . Decompose x = uz µ b − where u ∈ U [[z −1 ]] 1 , b − ∈ B − [[z −1 ]] 1 . An element t ∈ C × sends x to u(tz −1 )z µ t −µ b − (tz −1 )t µ . Recall that t · x = x, hence, u(tz −1 ) = u(z) for any t ∈ C × . It follows that u ∈ U ∩ (U [[z −1 ]] 1 ) = {1} so x ∈ R λ µ . It follows from [Kry18, Theorem 3.1(1)] that we have a C × -equivariant isomorphism R λ µ ∼ −→ T µ ∩ Gr λ G where T µ := U − (K) · z µ ⊂ Gr G . Note that (T µ ∩ Gr λ G ) C × = (G · z µ ) ∩ T µ = U − · z µ .
Proof of Theorem 2.9
Proposition 6.24 The C × -action on A λ µ via loop rotation contracts A λ µ to z µ ∈ A λ µ (here we do not assume that λ is minuscule).
Proof. Recall the isomorphism Ψ of Section 4. It restricts to the isomorphism
. By Lemma 4.14, the C × -action via loop rotation sends (see Lemma 2.7), it follows that it is enough to check that dim(A λ µ ) = dim(W λ µ ). To do so, we use the point z µ ∈ R λ µ . Recall the attractor A λ µ to the point z µ . Recall that by Proposition 5.21 and Proposition 3.12, the repellent R λ µ is isomorphic to a Bruhat cell in G/P λ and has dimension ρ ∨ , λ − µ , hence, we have an isomorphism R λ µ ≃ A ρ ∨ , λ−µ . Note now that the Cartan involution (see [BFN16a, Section 2(vii)]) identifies R λ µ and A λ µ , hence, A λ µ ≃ A ρ ∨ , λ−µ . We now recall that the group U − acts on W λ µ , Gr λ G , and the morphism p :
Finally, it follows from Lemma 6.24 and U − -equivariance that ( while the degrees of B and C are strictly less than 2, and det M = z 2 . The loop rotation action is given by
We now consider a point Proof. Take a point x ∈ W λ µ . By Lemma 6.25, it flows to some point x 0 ∈ R λ µ under the loop rotation action. It follows that p(x) flows to p(x 0 ) under the loop rotation action.
Recall now that by Proposition 3.12, C × acts trivially on Gr λ G , hence,
Recall that Gr λ G ≃ G/P λ is isomorphic to a parabolic flag variety and the corresponding action U − G/P λ is given by the left multiplication.
Proposition 6.28
There exists a subgroup
is an isomorphism of algebraic varieties.
Proof. Standard.
Corollary 6.29
We have an isomorphism Φ :
Proof. It follows from Corollary 6.27 and Proposition 6.28 that the group U µ − acts freely and transitively on the image of the morphism p. Now the desired morphism Φ is given
Proposition 6.30
We have p −1 (z µ ) = A λ µ .
Proof. It follows from Proposition 6.24 that
) and A λ µ is closed in p −1 (z µ ). Note also that the variety p −1 (z µ ) is irreducible, since by Proposition 2.7, W λ µ is irreducible and by Corollary 6.29,
Proof of Theorem 2.9 It follows from Corollary 6.29 and Proposition 6.30 that
where the isomorphism A λ µ ≃ R λ µ is given by the Cartan involution ι (see [BFN16a, Section 2(vii)]).
Poisson structure
In the forthcoming paper, H. Nakajima and A. Weekes will describe a Poisson structure on W λ µ for any reductive group G. This Poisson structure is already known in types ADE. Let us restrict to this case and describe this Poisson structure. Let λ, µ ∈ Λ be a cocharacters of (T, G), such that λ is dominant and µ λ. We set λ * := −w 0 (λ), µ * := −w 0 (µ). It is known (see [BFN16a, Theorem 3 .10]) that in types ADE the variety W Recall that the Coulomb branch M(λ, µ) is the spectrum of the algebra of equivariant Borel-Moore homology H
, where the product is given by the convolution (see Section 7.1). The space of triples R GL(V ), N λ µ is equipped with the C × -action via loop rotation. We obtain a graded deformation H
) is a flat (graded) module over
We now define the Poisson bracket on H
. In this section, we will describe the Poisson structure on M(λ * , µ * ) ≃ W λ µ for minuscule λ ∈ Λ + and µ ∈ W λ.
7.1. Coulomb branches. (see [BFN16a, Section 3] , [BFN16b] ) Let Q 0 be the Dynkin quiver of the group G. We write λ = i∈Q 0 l i ω i , λ − µ = i∈Q 0 a i α i , where ω i ∈ Λ + are fundamental coweights of G and α i ∈ Λ pos are simple coroots. We set 
Proposition 7.31
There exists an isomorphism of algebras Ξ :
7.1.1. Torus action. Recall the Cartan torus action T W λ * µ * of Section 3. With respect to the isomorphism Ξ, we obtain the action T H
).
is naturally graded by π 1 (GL(V )) = Z Q 0 = Z α ∨ i i∈Q 0 . This is exactly the grading which corresponds to the T -action above (see [BFN16a, Remark 3 .12]). Recall now that the Poisson structure on H
. It is easy to see that the Z Q 0 -grading extends to the Z Q 0 -grading on the associative
. As a corollary we obtain the following lemma.
Let us describe the corresponding automorphismism
) (see [BFN16a, Remarks 3.6, 3.16]). Let i : Gr GL(V ) ≃ Gr GL(V * ) be the following automorphismism: it takes (P, σ) to (P ∨ , t σ −1 ). Let Q 1 be the opposite orientation of our quiver. Consider the representation
It is easy to see that i lifts to the isomorphism i λ µ : . Note also that this embedding is C × -equivariant (with respect to the loop rotation action).
